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What is Computational Geometry?

o FTERBMF(HLSA-EMAKEFNSAE - MAK)
+ A field of computer science

— analyse geometric problems

— design/implement efficient algorithms

 Application areas are:

— computer graphics, computer aided design,
circuit layout, robotics, GIS, etc.



FARO — & 2 —22005

Today’s topics

 Part1 Introduction
— Basic ideas In Computational Geometry
— Convex hull and related problems

« Part2 Algorithms with imprecise input
— Difficulties with imprecise Input
— Revisit convex hull and related problems

All discussions are In 2-d Euclidean space.
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Problem: diameter of points

 Find the maximum distance R
between points In S

— Computation itself is trivial.

R = max{d(p q)}

p.ges 1T E R by JAXA)

— But, efficient computation is NOT frivial.
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What is the performance of algorithm ?

« humber of primitive operations
— Add/sub/mul/div, comparison, conditional branch
— Given by a function of input size n
ex. Bubble-sort sorts n numbers In O(n2) time.

ex. Merge-sort sorts n numbers in O(n log n) time.

« Basic 2-d problems in Computational
Geometry have O(n log n)-time solutions.
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The impact of efficient algorithm
« A:nlog n vs B:n?
— for n=‘ID5, A Is 6,020 times faster than B.
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 Diameter = the maximum of width
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O(n) regions

Right arm

Bottom arm
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Computation of convex hull










FARO — & 2 —22005

Incremental construction(1)

1.Sort points according to x-coordinates
—S={P1.P2,P3 - Pn} PimP1,P2 P )
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Incremental construction(2)

2.Compute CH(P3) (ie triangle)
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Incremental construction(3)

3.Compute CH(P,,,) 1.e. CH(P,

U{pi+1})

-1.Find support lines from pi+1 to CH(PI

)
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2.Update the boundary of convex hull
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Computation of support line

« Traverse the boundary from the rightmost vertex
— We can determine If line p,,4p; Is support in O(1) time.
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Total computational time

1.Convex hull of n points In plane
— Sort n points O(n log n)
— Compute initial triangle O(1)
— Update boundary n-3 times  O(n)
Total O(n log n) time

2.Diameter of n point in plane
— compute convex hull O(n log n)
— check all antipodal pairs O(n)
Total O(n log n) time
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Part2 Algorithms with imprecise input

« Location of points are ) O
known only up to a limited °
accuracy. O O Q
— Measurement / round-off / O
approximation error
« Solution

— Guarantee the accuracy of
computed results
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Ad hoc solution does not work

« “If two points are very close, we merge them.”
— Is it OK?

O - ©

" "
FFFFFFFFFFFF

O ~

In general, merged point can be arbitrary large-..
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Input model

¢ £ -point: f="n
p = [(@Ho

‘point given by a convex —
region” P 7 Al &

+ Possible object X

‘an object realized in a pHE
possible configuration
of points” ‘m| &

possible configuration  possible convex hull
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Error bound of convex hull

Inner convex hull conv(S)
= M{all possible hulls for S}

Outer convex hull conv(sS)
= U{all possible hulls for S}
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Case: rectangle & -Point

« Quter convex hull S --
— Convex hull of € -Points / ™
\
* |nner convex hull / AP
— |Intersection of 4 convex :
hulls

How about other input model| 7
How about other problem 7
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Error bound of diameter

« The boundary of iInner convex hull is NOT useful

[

T |

Tight error bound is not necessarily obtained
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O(n?) algorithm again ?

Compute possible distances between & -points,
then possible diameters are given as follows:

Ly

el ~ q
- d ]
5 (p.9)

R=max{d(p.9)}  R=max{d(p.d)!

2.9es p.ges
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QOur ldea

« What's wrong 7

— The idea of inner/outer 1{ \
conhvex hull seems useful d (|
— Boundary representation w ] - )
of them will lose desired
information
 New Idea F
— Characterize a convex

region by half-planes.
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Half-planes give a convex region

« Convex region = intersection of halfplanes

y d
(1/243/2)
,.ﬁ Hid, {rﬂ ' feo,el)
o |
e 4
+i A - } 4 0 o~
(1,0) x ﬂ? 2/3x ®  4/3m 2m 0

*Half-plane representation(HPR) of region R
Function  £(#) isanHPRofRif

ﬂDi&{ENH(fj {9) =ik
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Normalized HPR

« Normalized HPR d(R.6) of R
f(6) is normalized if H(f,0) supports R for ¥V &

yt dl-

'}
] ] ]
| ®/22/3x ® 4/3=m 2r 0O

Normalized HPR contains many information.
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Properties of HPR

 Normlized HPR gives left/right supports

t right support

xsmb&—ycosd=—d(R, 6+ 7)

w(f
left support

= R xsimn&—ycosd=d(R,0)

” width
w(@) = d(R,0)+d(R,0+ 1)
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Operations on HPR

h H(a0)

- é@z H(b,0) P h  H(d(P),0)

f-f"'

"'"};1 Nk, - H(min{a,b},6) O
h Uh - H(max{a, b},&) -
PO min{d(P.6).d(Q.6)}

con (PO maxi{d(P,8),d(0,0)}
P®O:d(P.6)+d(0.6)

h, :H(d(Q).0)
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Examples of HPR

» Point/circle x$in 6 — ycos = asin @—bcos @

N

J

xsiné—ycos@=r ;

d(C,8)=r
d(p,0)=asm&—bcos

d(CP p,&)y=asmb—-bcosG+r
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Examples of HPR

« Convex hull of points and circles

d(com(P),6) = max ., {d( p,0)}
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/N, Computation of HPR
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Region construction from HPR

« Input objects: circle or (rounded) convex polygon

) :
'.\h | 3
— 2
min, max, - ,- 1

0

- 1
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af
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-Primitive HPR: 4(8) = asin
’, |

; ¥ r

é—bcms G+ r
f

=0

| Intersection of k primitive regions
can be computed in O(k) time.
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HPR of inner/outer convex hull

« HPR f(6)of
FEI= I Rd (0= max{ d(p,0+7m);

 HPR g(ﬁ) of conv(.S)
g(f)= max {d(C,0)}= max{d(p &)}

CeCH (5)

H{(f,6) S ncircles/ convex polygons

/ ) / l -
// Construction of conw(S) conv(S)
I //*““H(gj &) —QO(n log n) time.
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Diameter of points

« Error bound of diameter width(S,6)

w(6)

— width(S, )
o
diam(P) = max w(e)y dianm(S) = max Swidth(S, 8)}

diam(S) = max {width(S,0)}

Q=52
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How to compute min. of possible width

width(S, 0)

leftmost left support

ris tothe left of / — width is O

rightmost right support

width(S,0) = max{ f(O)+ F(O+1),0}

The min. of possible width can be computed in O(n log n) time
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How to compute max. of possible width

wicdth (S {9) RS AR S p o Outliir may dominate width

g rightmost left suppnr 2" rightmost left guppnrt
width(S,0) = g(0)+ g(6+7)  h(6)=2—maxid(p,6)}
PES

> { 2(0)+ WO+ ;r):}

width(S, ) = max
h(G)+ g(6+r)

The max. of possible width can be computed in O(n-ce(n)-logn) time
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Conclusion

« Geometric algorithms with imprecise input
— Points are known only up to some accuracy.

+ Half-plane representation of a convex region
« Accuracy guaranteed solutions from HPR

./_m §‘ P
w J ij; ﬁ\ mmf";) conv(y)

_ ‘ -I-d.'{.rm(ﬁ)mf‘%)
[ 0| ©
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