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Jones Polynomial

V. Jones discovered a two-variable invariant
Xr1(g,A) of an oriented link L given by the
following formula

n—1
Xr(g,A) = (— ) (VA)etr(m()),

VAL —q)
where « is element of the braid group B, with
& = L, e being the exponent sum of @ as a
word on the ags and m is the representation of
B, in the Hecke algebra H(q,n) , o; — g;.



Y is a Young diagram and try be the trace on
the Hecke algebra (usual trace) on the image
in the representation my .

tr(z) = > Wy(q, Atry(z)
Y

where

WY(Q? )‘) — S(Qa A)/Q(Q)

Q(q) is a product of (1—q*) where h is a hook
length.

S(g, M) is defined as a product of (¢ — Aq?),
where 2 and 7 are the column and row number.



Let Y be a Young diagram (A1, A2,...,A%).
Then each node of Y has a value, called hook
length, which is the total number of nodes
which exist on the right and downward direc-
tion. For an example, a Young diagram (10,
4, 1) has the following hook length.

121109186543 2|1
51| 3 2|1
1




a° —Aq q° — )Aq

q — \q

1 — A\g

A

Sy
~<

|
AN

)
N
S
< <
|
>
AN
SRS
< <
|
™ -

1 — \g?




For the Young diagram showed above, func-
tions Q(q) and S(g,\) are defined as follows:

Qla) = -1 —-g> )1 —¢*)1—qH(1—q°)
1-4¢°1-q%1—-¢”)1—-q'")(1—q'?
1-q)1—¢*)(1—¢°)(1—¢°)(1—q)

S(g;A) = (1—Xq)(q — Aq)(g* — Aq)(g° — Aq)

(g* — Xg)(a® — Xq)(¢° — Aq)(¢" — Aq)
(@® — X@)(¢° — Aq)(1 — Ag®)(g — Ag?)
(® — Ag?)(¢® — Ad®) (1 — Agd).
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1. Polynomial invariants of Conway type can
not distinuish two different mutant knots.

2. 3-parallel version of 2-variable Jones poly-
nomials distinguish certain mutant knots[J.
Murakami].

3. 3-parallel version of 2-variable Jones poly-
nomial can distinguish Kinoshita-Terasaka
knot (KT) and Conway knot (CK).



3-parallel version of

2-variable Jones polynomial

Let L be a link, « be an element of the braid
group B, with & = L, and 3 be the 3-parallel
version of «. Then the following Laurent poly-
nomial

1 — A\q

n—1
X (g,2) = (— VYR q)> (VX)otr(n(3))

IS a polynomial invariant of L.




i 3-parallel version
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Hecke algebra

Let H(q,n) of type A,,_1 be a C-algebra with
a unit defined by the following relations:

g; =(g—1)g;+aq,
9:9:4+19: — 94+19:9:+1>
9:9; =99, |i—Jj|=>2.

Each g; is a standard generator of H(gq,n).



For the standard generators 1,02, ..., 0,_1 Of

B,,, we define the algebra homomorphism \IJ,,(E’) :
CB,, — H(q,3n) as follows:

v (o) = g(3i—2,3i—1)73
x g(31,3i + 2)g(3i — 1,3i + 1)g(3i — 2, 37)

where g(i,7) = gigi4+1---95 (1 <1 < j <n-—1).
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Direct calculation of 3-parallel invariant is very
difficult.

e Braid length is multiplyed by 12. For the
braid of length r, we must calculate the
products of 12 X r matrices.

e Size of representation matrices become very
large. (up to 16,336,320 for H(q,18)).

1. Restrict the base of representation to the
subspace U.

2. Set A to be a some power of g, say A = q3.
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Let Y be a Young diagram for the set A(n) of
partitions of a positive integer n , and let X =
{x1,x2,..., 25} be the collection of words in-
duced from the standard Young tableaux gen-
erated by Y .

For each element = of X, define I-invariant
I(x) as the set of ¢z € {1,2,..., n—1} such that
the row containing z is above the one contain-
ingt+1inax. Let Y be a Young diagram asso-
ciated with A(3n) , and G(Y) be the W-graph
with the vertex set V(Y) = {x1,Xx25:-+s Xs}
labeled by I(G(Y)) = {I(x1), I(x2)s---s I(xs)}
corresponding to Y, where I(x;) is the I-invariant
of x;-

12



Define a subset V3(Y) of V(Y) as follows:

Each vertex x in V(Y) is included in V3(Y)
if and only if I(x) contains all numbers k in
I =1{1,2,...,3n} with £ = 2(mod 3) and no
numbers k in I with kK = 1(mod 3).

Let wy be the representation given by the W-
graph G(Y) , let 7r§/- be the restriction to wy o
w(3) on the subspace U spanned by the basis
corresponding to V3(Y). It is well known that
7r§, gives a representation of By,.
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Xl(;?’)(q,)\)* is an invariant of L.

n—1
X (g, 2)" = (— \/;(—1 qu)> (VA)°

x> Wy (g, Vi (a),
Y

where Wy (g,A) = S(q,A)/Q(q) and wi>) is

f
the trace of Ty -
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4-parallel invariant

For the standard generators 1,02, ..., 0,_1 Of

B,,, we define the algebra homomorphism \117(14) :
CB,, — H(q,4n) as follows:

v (0;) = g(4i—3,4i —1)*

X g(4i,4i + 3)g(4i — 1,44 + 2)
X g(41 — 2,41+ 1)g(4: — 3, 41)

where g(2,j) = 9igi+1.--.9; (1 <1 < j <n—1).
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Computational results
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Jones Polynomial of KT and CW

L L —1 —1_2 —1_—4_2

—1 -1 _2 —1 —3
Low = 0104 0203 0505 010,

V(Lgr) = V(Lcw) =
1 2 2 2

2 3 4 5% 6
—gt -ttt o2 2 27
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3-parallel invariant of KT

x3) (q,¢3)" =
a(—1 43¢ — 5¢° + 9¢° — 12¢* + 6° + 9¢°
—28q7 + 58¢% — 105¢” + 1444¢1°

—169q!! + 191¢'% — 191413

+156q1* — 106¢1° 4 57¢16
+30g17 — 141¢'8 + 233¢1? — 325¢20 + 435921
—530¢2? 4+ 551¢23 — 530¢%* + 462¢2° — 30942
+99¢27 + 109¢%8 — 286¢2?2 + 447¢30 — 529431
+517¢32% — 462¢33 + 395¢3% — 305¢3° + 20643

—147¢37 + 92¢38 — 18¢3? — 47¢*0 + 85¢%!
—131q*? + 177¢%3 — 181¢** + 156¢%° — 129¢16
1+97¢%7 — 55¢%8 + 23¢9 — 4450 — 8451
112¢52 — 9¢53 + 5¢%4 — 3¢55 + ¢5)
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3-parallel invariant of CW

Xg");v(q, g3)* =

ﬁ(—l + 3q — 5¢% + 9¢° — 13¢* + 12¢° — 7¢"
+16g% — 47q? + 76q'° — 103¢11 + 138¢12
—161¢'3 + 15691* — 136¢1° + 110416
—36q1" — 71¢'8 + 163¢1Y — 251420 + 351431
—430g32 + 429¢23 — 393¢2%* + 330¢2° — 203¢36
+39¢27 + 109¢28 — 226929 + 341¢30 — 397431
+380¢g32 — 340¢33 + 295¢3% — 221¢3° + 132¢3°
—77q37 + 22¢38 + 48¢3° — 100¢*0 + 115!
—131g*2 4+ 147¢*3 — 128¢** + 90¢*° — 61¢*°
1+39¢%7 — 13¢*8 — 5¢%9 4+ 12¢°0 — 14451
113¢52 — 9¢53 + 5¢%4 — 3¢%° + ¢°%)
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Difference of invariants

3 3
X2 (4,65 — XS (0,47 =
1
@(—1—|-q)11(1—|—2q—|—2q2—|—q3)3(1—Q+2q2—q3‘|‘q4)

X(1+q2+q4+q6—i—q8—I—qlo—l—q12)2
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Jones polynomial of 6-braids

L1 = aBcdeBcdbCbaaBBCDEcDc

Lo = abCDEcDcBcdeBedbCaBBa

Whereazal,...,A:al_l,...
V(Ll):V(L2):_1+3_5+7_7+6_
t9 8 7 6 > ¢4
5 3 1
st 5 — T+t
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Jones polynomial of 6-braids

L3 = AABcdeBCdbCAbAVCDECDc
Ly, = ABcdaBcBBaBaBCDEBCDBCbAbcde

3
V(L3) = V(L4) = —9—|—Z—|—20t—32t2—|—42t3—48t4

1+48t° — 42¢% 1 32¢7 — 20¢8

4+10¢t° — 4410 411
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3-parallel invariant of 6-braids

Failed to calculate 3-parallel invariant of 6-
braids.

L1 = aBcdeBcdbCbaaBBCDEcDc (ok)

Lo, = abCDEcDcBcdeBcedbCaBBa (failed)

L3 = AABcdeBCdbCAbAbCDECDc (ok)

Ly, = ABcdaBcBBaBaBCDEBCDBCbAbcde
(failed)

PowerMac G5 (6GB main memory)
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Cpu time to calculate the trace try for each
Young diagram Y.

T ~ §2°

CPU time (Log)

P e B i v =~ G0 W

0 1 2 3 4 5 |

Matix size(log scale)
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Cpu time to calculate the product of matrices.

T ~ 1.5N

CPU time (log scale)
(¥8]

1 3 5 7 9 11 13 15 17 19

Number of Matrix Product
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4-parallel invariant

ft4 - FourParallelPolynomialInvariant[i. ET]

4-parallel one variable invariant for [aCbhZhbCA™4bD]

1
2 (L+q+3 + )
(loGgebg b +dg g seq ozg c3a +lbg —20g +obg w4l g
eigto15q” —esq® + 143 —16e g s 103 w55 —23a L 4 36T T -
64 g+ 198 2 4 72 7 337 2 L 480 05 - 389 0% 4 172 77T LB O -
242 4 284 772 _ 196 g L BB P 262 0 - 118 07 + 10B T 46 70 16 T 4
43q4u—38q41+12q42+4q43—5q44—q45+3q46—4q43+5q49—3q50+q51]|

fcd = FourParallelPolynomialInvariant[l. C¥]

4-parallel one wvariable inwvariant for [aCbhChbCaB"3]

1
T2 (1+g+F + F°)
f[1-3g+5qF -6 +4q - +20 -2q -3 +167 -30q” + 26 gt + 7% 41 g% &
Eigo15g® —esg® 143 - 1ea g s 103 +55 0 234 P s 3T T -
SEd g + 195 0 + T2 - 33T O + 4B0 T - 39 QT + 172 +TE T -
242 42840 195 @ + 65 0 + B2 @ - 118 0" + 106 T - 46 g0 — 16 G +
R e e s e e

Simplify[ft4 - fc4]
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4-parallel invariant

ft4 - FourParallelPolynomialInvariant[2, ET]

d4-parallel one variable invariant for [aCbCbhbCA™4bDb]

1
g (1+q) (1+3®)
(l-2a-0 +3g g -Eq 2q +bg + g 2ibg -~ 10g w187  pi7q —6q - 26q -
17 g +3l g w2b g w6  -B2g Chg 4620 +33 0 dgT 98T edeg s
BB g — 3 cdB g -T2 190 108 g w 1B g S 122 70 4126 57 138 47 4
18400 + 230" - 273q" +374q " - 329g7 + 197q7 + ¢ - 349 q® + 478%™ - 34647 &+
102 g0 + 57" 2320 + 368 - 1850 -4 q +60Q -101 Q" + 183" - 73 g -
el S ST R R W R e G T G L L L T R S R

18q’.’-‘ﬂ+12q'?1_?q?2_14q?3+q?4+?q'.'-‘5+5q’.’-‘6_2q'.'-".'-‘_5q?3+q30+3q81_

a4

q82_2q33+q 3}

fcd4 - FourParallelPolynomialInvariant[2, CW]

4-parallel one wvariable invariant for [aCbCbhbiZaE"3]

1
il (1+q) (1+g%)
flegg-a t3g g o8 2o i6g vig ~ 150 —d0g +i6g +i7g —6u —2ag -
179g g 2t veg B2g - iEg sh2 g +3ag o dg =R g HleT
BE g 3 1B -T2 P o190 108 7 + 16 g C 122 7 4126 0 138 47 +
184 2 4 237" — 273 g0 + 374 g7 2320 4% 419797 4 g™ _3400% L 478 % - 346 47
e e R L R R o e e B e T T o e S R
e 21 +Bq 4 Bagt 270 _B0 g a2 i1 17 ~194° —a g .

18q’?ﬂ+12q?1_?q?2_14q?3+q?4+?q'?5+5q’?6_2q??_Eq?8+qﬁﬂ+3q81_

&4

q82_2q33+q 3

ft4-fc4
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4-parallel invariant

Simplify[ff /. A - g™ 2]

]

Simplify[ff /. A - g™ 3]

S5implify[ff /. A - qg™4]

(1+em® Qe@® -1+ L+ ) (Lage @) (Lo +q' 4 )’
(1+2q2+3q3+q4+3q5+2qé—q?+q8—q9—2qm+2qn+2q12+6q13+9q14+9q15+11q16+
10g7 +7q% +8q +aq s v B v 2 +a g s BT v 2 430 s2 0 4 T/
(g (l+2q+4 T +5F +4 0 +2q0 +q°))

Simplify[ff /. A - g™ 5]

i ((-1+m 1+0° Lrgezd +q + )’

CIfZg-Saig s B 4o S2g =g w80 “2g ~Bg adge =
5q13_2q14+3q15_4q16_4q1?+2q1$_6q19_?q20_?q21_?q22_1.?q23_
g e _ 147 _ 2l 1B g 26 — 14 g 2l gt 2l g
16q33—13q34—18q35—1ﬂq36—9q3?—12q33—5q39—2q4n—1ﬂq41+

q42+q43_E'q44+3q45+q46_3q4?+4q43_q49_q50+3q51_2q52+q53:|]

Simplify[ff /. A - g™ 6]

SRR L e e R e e e
[cl-2d -Bg+q 12 -8 -2q - Mg 6 147" _4agt —19g% _6a g+
T e G 1 S L T LGS B LT L 1= LN o 1 o s L [ o co
132 7 B4 ¢ w72 _2EE g _1BE g - 3O gt 2164 _122 40 433 0 -
e Tk b

T sl AN A1 A7 a7
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RR1806602
[~ )

—q3
1 q./q
—q3
qv/q 1
1 q./q
—q3
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RR1806603

(1 qv/q \
3
q
—q3
q/q 1
q/q 1 qg./q
3
q
.
1 q./q
g3
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RR1806604
(1 )

1 q/q
1 a/q
—q3
.
qa\/q 1
a\/q 1
a\/q 1
a4/ q 1 q+/q
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RR13806605
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