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Abstract. In this research note, a number of bounds on boundary slopes of essential
surfaces embedded or immersed in 3-manifolds are presented. Also reports on computer-
aided experiments, concerning embedded boundary slopes for Montesinos knots, are
included.

1. Introduction

The aim of this article is to give a summary of the results, concerning boundary slopes of

essential surfaces embedded or immersed in compact 3-manifolds with single torus bound-

ary, obtained by the author and by joint works of the author with Shigeru Mizushima

(Tokyo Institute of Technology). Also we include reports on computer-aided experiments,

which gave us motivations for our projects.

We start with fundamental notations and definitions, which will be used throughout the

article. Please see [11, 18] as basic references. The isotopy class of a nontrivial, unoriented

simple closed curve on a torus T is called a slope on T . Recall that, on the peripheral

torus of a knot, i.e., embedded simple closed curve, in the three-dimensional sphere S3,

the set of non-meridional slopes is identified with the set of rational numbers. See [21]

for example. Throughout the following, let M denote a compact, connected, orientable

3-manifold with single torus boundary ∂M .

The author would like to thank Shigeru Mizushima for allowing to include the results

of our joint works and the reports on our experiments in this article. The author was

partially supported by the Institute for Industrial Research of Osaka Sangyo University.

2. Embedded boundary slopes for Montesinos knots

A compact, connected, possibly non-orientable surface embedded in M is called es-

sential if it is incompressible and boundary-incompressible. The concept of embedded
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essential surface was introduced mainly by Haken. They have played and are still playing

important roles in the study of knots and 3-manifolds. The boundary of an embedded

essential surface consists of a parallel family of non-trivial simple closed curves on ∂M .

Thus they determine a slope on ∂M . The slope so determined is called the embedded

boundary slope of the surface. The boundary slopes have been used to study the amount

of essential surfaces in a sense. Note that it is also related to the study of exceptional

Dehn surgery. Please see [6] for a survey.

Following the pioneering work obtained by Thurston [22], which determines the em-

bedded boundary slopes for the figure-eight knot in S3, embedded boundary slopes are

intensively studied for some class of knots in S3. First, for two-bridge knots, Hatcher and

Thurston gave a complete description of all embedded boundary slopes [10]. Generalizing

their method, Hatcher and Oertel gave in [9] an algorithm to list all embedded boundary

slopes up for Montesinos knots. A Montesinos knot is defined as a knot obtained by

composing a number of rational tangles in line.

By using Hatcher-Oertel’s algorithm, the author and Mizushima studied numerical

properties of embedded boundary slopes for Montesinos knots in [14]. Actually the fol-

lowing bounds were obtained. In the following, we are assuming for Montesinos knots

that the number of tangles is at least three and each rational tangle is non-integral.

Theorem 2.1. Let χ be the Euler characteristic of an embedded essential surface in a

Montesinos knot exterior with non-meridional embedded boundary slope R, and ]b the

number of boundary components of the surface. Then, except for certain boundary slopes,

the denominator Q of R is bounded as

Q ≤ −χ

]b
.

The exceptions only occur from (−2, 3, t)-pretzel knots for odd t ≥ 3 or their mirror

images. Exceptional boundary slopes for the knot satisfy a weaker bound

−χ

]b
< Q ≤ −χ

]b
+ 1,

while a stronger condition ]b ≥ 2 holds in these cases.
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A number of corollaries can be implied from this theorem. In particular, we can prove

that the well-known Cabling Conjecture is true for Montesinos knots. Though this has

been already achieved in [5] as a corollary of the result for strongly invertible knots, our

method gives a direct proof for Montesinos knots.

Theorem 2.2. Let χi be the Euler characteristic of an embedded essential surface in a

Montesinos knot exterior with non-meridional embedded boundary slope Ri, and ]si its

number of sheets, for i = 1, 2 respectively. Then the difference |R1 − R2| between the

boundary slopes R1 and R2 is bounded as

|R1 − R2| ≤ 2 (
−χ1

]s1

+
−χ2

]s2

) + 4.

Here, following [10], we call the number of pieces of the surface in a small neighborhood

of a point on a knot the number of sheets.

3. Diameter of embedded boundary slope set

In [8], Hatcher showed that there are only finitely many embedded boundary slopes on

∂M . Moreover, by Culler-Shalen [2], it was shown that there are at least two embedded

boundary slopes if M is the exterior of a non-trivial knot in S3. Therefore, we get the

embedded boundary slope set for a knot as an invariant, which is regarded as a non-

empty, finite subset of rational numbers. In view of this, Culler and Shalen considered

the diameter of the embedded boundary slope set for a knot, defined as the difference

between the greatest and the least. They actually proved that it is greater than two for

a non-trivial knot in S3 in [2]. In [15], by also using the Hatcher-Oertel’s algorithm, we

proved for a Montesinos knot that the diameter of the embedded boundary slope set is

bounded from above by the twice of the minimal crossing number.

Theorem 3.1. Let K be a Montesinos knot. Then, we have

D(K) ≤ 2 cr(K),

where cr(K) denotes the minimal crossing number of K and D(K) the diameter of the

embedded boundary slope set for K. The equality holds for alternating Montesinos knots.
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The related result for two-bridge knots is obtained in [20].

Also we obtained a lower bound on the diameter of the embedded boundary slope set

for Montesinos knots in terms of some topological quantities of the surfaces which realize

the greatest and the least boundary slopes. This will appear in the forthcoming paper

[16].

Theorem 3.2. Let K be a Montesinos knot, and R1, R2 be the greatest and the least in

the embedded boundary slope set for K respectively. Then there exist embedded essen-

tial surfaces with boundary slopes R1, R2 such that the diameter D(K) of the embedded

boundary slope set for K is bounded as

D(K) ≥ 2(
−χ1

]s1

+
−χ2

]s2

),

where χi and ]si denote the Euler characteristic and the number of sheets of the surface

for i = 1, 2 respectively.

In [17], Ishikawa, Mattman and Shimokawa gave a lower bound on the diameter of the

embedded boundary slope set for a knot by generalizing the Culler-Shalen’s method. Their

bound is described in terms of the Culler-Shalen norm of the embedded boundary slopes

together with some additional data. Please see [17] about the definition of the Culler-

Shalen norm for example. The following theorem gives an extension to their results. It

will be included in the forthcoming paper [13]. Here a knot is S3 is called hyperbolic if its

complement admits a complete hyperbolic metric with finite volume.

Theorem 3.3. For a hyperbolic knot K in S3, let R1, · · · , Rn be the embedded boundary

slopes and m the meridian. Suppose that m is not a strict boundary slope. Then we have

2 max
1≤i≤n

{
‖Ri‖

‖m‖ · ∆(Ri,m)

}
≥ D(K) ≥ max

1≤i≤n

{
‖Ri‖

‖m‖ · ∆(Ri,m)

}
.

4. Distance between immersed boundary slopes

In his famous lecture note [22], Thurston gave a concise construction of infinitely many

3-manifolds without embedded essential surfaces, and demonstrated that such 3-manifolds

can appear frequently than expected. After that, a number of concepts have been de-

veloped for a substitute of embedded essential surface. Among them, immersed essential
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surfaces are studied in detail since they seem to have important properties like embedded

ones. Here by an immersed surface in M , we mean the image of a proper immersion of a

compact surface into M . An immersed surface is said to be essential if it is π1-injective

and relative π1-injective. Also, in this article, we will always assume that any immersed

essential surface has embedded boundary, i.e., the restriction of the immersion to the

boundary of the source surface is an embedding. Then the boundary again determines a

slope on ∂M , called the immersed boundary slope of the surface.

Though embedded boundary slopes are only finitely many, immersed boundary slopes

can exist infinitely many. For example, Maher showed in [19] that for any hyperbolic

two-bridge knots, all slopes can be realized as immersed boundary slopes. Also Bart [1]

showed such a phenomenon occurs for some hyperbolic arithmetic 3-manifolds.

On the other hand, Hass, Rubinstein and Wang proved in [7] that there are only finitely

many immersed boundary slopes realized by the surfaces with bounded genera. In fact,

they gave for hyperbolic 3-manifolds an explicit bound on the distance of two immersed

boundary slopes in terms of the genera of the surfaces realizing the slopes. We give partial

extensions to this result as follows, which will be included in the forthcoming paper [12].

In the following, for brevity, the boundary and the Euler characteristic of an immersed

surface stand for the corresponding those of the source surface respectively.

Theorem 4.1. Let χi be the Euler characteristic of an immersed essential surface in a

hyperbolic knot exterior in S3 with non-meridional immersed boundary slope Ri, and ]si

its number of sheets, for i = 1, 2 respectively. Then the difference |R1 − R2| between the

boundary slopes R1 and R2 is bounded as

|R1 − R2| ≤ 6 (
−χ1

]s1

+
−χ2

]s2

).

This inequality holds for any hyperbolic 3-manifold and for any meridian-longitude system

on ∂M .

In the next, we used the distance ∆(R1, R2) of slopes R1 and R2 instead of the difference

|R1−R2|. The distance ∆(R1, R2) of slopes R1 and R2 is defined as the minimal geometric

intersection number of the representatives of R1 and R2. By definition, we see that

|R1 − R2| ≤ ∆(R1, R2) always holds, and the equality holds if R1, R2 are integral slopes.
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Theorem 4.2. Let χi be the Euler characteristic of an immersed essential surface in

a torus knot exterior in S3 with non-meridional immersed boundary slope Ri, and ]bi

its number of sheets, for i = 1, 2 respectively. Then the distance ∆(R1, R2) between the

boundary slopes R1 and R2 is bounded as

(
−χ1

]b1

+
−χ2

]b2

) + 2 ≤ ∆(R1, R2) ≤ 2 (
−χ1

]b1

+
−χ2

]b2

) + 4.

This inequality holds for all small Seifert fibered spaces.

Theorem 4.3. Let χi be the Euler characteristic of an immersed spanning surface without

triple points for a knot in S3 with boundary slope Ri for i = 1, 2 respectively. Then the

difference |R1 − R2| between the boundary slopes R1 and R2 is bounded as

|R1 − R2| ≤ 2 (
−χ1

]s1

+
−χ2

]s2

) + 4.

To prove the last theorem, we use so-called Whitney-Massey’s Theorem, which concerns

two-dimensional knots in 4-space. Thus it actually holds for such surfaces even if they

are not essential.

5. Experiments for boundary slopes

In this section, we report computer-aided experiments we did, which gave us motivations

of the results obtained in [14]. We used the program developed by Dunfield [4], which

implements the algorithms by Hatcher and Thurston developed in [10] and by Hatcher

and Oertel developed in [9].

5.1. Range of knots. In the experiments, we considered the knots of the following

ranges. Please note that we did not any treatment to exclude non-hyperbolic knots.

5.1.1. Montesinos knot. We consider the Montesinos knots corresponding to the triples of

irreducible fractions (p1/q1, p2/q2, p3/q3), where each pi/qi satisfies −7 ≤ pi ≤ 7, pi 6= 0,

2 ≤ qi ≤ 7. Please note that Dunfield’s program does not accept the triples corresponding

to links. Thus we have the following table:

number of triples of fractions 175616 (= 563)
irreducible ones corresponding to knots 95952
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5.1.2. pretzel knot. We consider the triples of irreducible fractions (p1/q1, p2/q2, p3/q3),

where each pi/qi satisfies pi = ±1, 2 ≤ qi ≤ 20. These correspond to so-called pretzel

knots. The number of the knots we considered is;

number of triples of fractions 54872 (=383)
irreducible ones corresponding to knots 25272

5.1.3. two-bridge knot. We consider irreducible fractions p/q, where each p/q satisfies

2 ≤ p ≤ 100, p + 2 ≤ q ≤ 100, and q is odd. By taking the closure of each correspond-

ing rational tangle, we have a so-called two-bridge knot. The number of such knots we

considered is 1908.

5.2. denominator of boundary slope. For brevity, denote by v the ratio of the nega-

tive of the Euler characteristic and the number of boundary components of an essential

surface having a boundary slope with denominator d. In this subsection, we report on

the experiments concerning the relationship between v and d for non-integral boundary

slopes for knots. In processing of the obtained data, we found the maximum d among

the boundary slopes with the same v, and based on this, we obtained a graph on the v-d

plane. We thus remark that not all the points are plotted in the graph.

The following table and graph were obtained for Montesinos knots in the range:

number of triples of fractions 175616
irreducible ones corresponding to knots 95952

the number of boundary slopes 1224222
the number of non-integral boundary slopes 30624
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We could observe certain linear relationship between them. In this experiment, the max-

imum of the value d/v is 2, and it is realized by the Montesinos knot K(−7/3,−1/7, 5/2)

for example: For this knot, we find a boundary slope with v = 1, d = 2.
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We obtained the following table and graph for pretzel knots in the range. We could

observe certain linear relationship between them more clearly.

number of triples of fractions 54872
irreducible ones corresponding to knots 25272

the number of boundary slopes 146532
the number of non-integral boundary slopes 17232
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In this experiment, the maximum of the value d/v is also 2, and it is realized by the

pretzel knot P (−2, 3, 7) for example: For this knot, we find a boundary slope 37/2 with

v = 1, d = 2.

5.3. distance between integral slopes. For brevity, denote by v the ratio of the neg-

ative of the Euler characteristic and the number of boundary components of an essential

surface with a boundary slope. In this subsection, we report on the experiments concern-

ing the relationship between the sums v1 + v2 and the distances ∆ for pairs of integral

boundary slopes. In processing of the obtained data, we find the maximum ∆ among the

boundary slopes with the same v1 + v2, and based on this, we obtained a graph. We thus

again remark that not all the points for pairs are plotted in the graph.

The following table and graph were obtained for Montesinos knots in the range:

number of triples of fractions 175616
irreducible ones corresponding to knots 95952
the number of pairs of boundary slopes 10094494

the number of pairs of integral boundary slopes 9750454
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We could observe certain linear relationship between them.
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For pretzel knots in the range, the following table and graph were obtained:

number of triples of fractions 54872
irreducible ones corresponding to knots 25272
the number of pairs of boundary slopes 513048

the number of pairs of integral boundary slopes 410556
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We could observe certain linear relationship between them more clearly.

We also have the following table and graph for two-bridge knots in the range. Remark

that all boundary slopes for two-bridge knots are integral.

number of fractions 1908
the number of pairs of boundary slopes 30124
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We could observe rather clear linear relationship between them.

5.4. difference between non-integral slopes. Let δ be the difference |p1/q1 − p2/q2|

of two boundary slopes p1/q1, p2/q2. For an embedded essential surface with boundary

slope pi/qi, let χi be its Euler characteristic and ]si the number of sheets for the surface,

respectively for i = 1, 2. In this subsection, we report on the experiments concerning the

relationship between the values (−χ1/]s1) + (−χ2/]s2) and differences δ for the pairs of

boundary slopes, at least one of which is non-integral. In processing of the obtained data,

we did certain simplifications, and so, remark that not all the points for pairs are plotted

in the graph.
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The following table and graph were obtained for Montesinos knots in the range:

number of triples of fractions 175616
irreducible ones corresponding to knots 95952
the number of pairs of boundary slopes 10094494

the number of pairs of such boundary slopes 344040
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For pretzel knots in the range, we have the following table and graph:

number of triples of fractions 54872
irreducible ones corresponding to knots 25272
the number of pairs of boundary slopes 513048

the number of pairs of such boundary slopes 102492
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From these, we could observe certain linear relationship between them.
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