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ABSTRACT. Let F be a compact, orientable surface with negative Euler characteristic, and let x1,--- ,zp
be n fixed but arbitrarily chosen points on intF’; each x; has a (small) diskal neighborhood D; C F.
Denote by Sn(F) a subgroup of Diff(F') consisting of “sliding” maps f each of which satisfies (1)
f{z1,...,zn}) ={z1,...,2n}, f(D1U---UDy) = D1U---UD, and (2) f is isotopic to the identity map
on F. Then by restricting such automorphisms to F' = F — int(Dy U---U Dy), we have automorphisms
f : F — F, which form a subgroup Sn(ﬁ) of Diff(ﬁ). We give a Nielsen-Thurston classification of
elements of Sy, (E") using braids in F x I which characterize the elements of Sy, (F).

1. INTRODUCTION

1.1, S2B ERE. A ClE, M SAHTATRERE O [ X 2432 B O5 HH 54 % AR B (automorphism)
rworzrel, FCADEAT—EHERH>a 7 b FASIAREMEZET. F ONERIC n @0
Bowy, e x, RAERIGEY, Ko O (TN EFED; CF e >THEL, F—int(D1U---UD,) &
FTRL, AREG f o F~ofillR% f ¢&T.

F F
o o —— o o
Of f

F OFRBIEM ficxtl, IROFUhE2EZ D:
(1) f({a1, - and) = {21, ,2n} 2D f(DyU---UD,) =Dy U---UD,,
©2) f IS GG F FTAY NEy 2,
ING OFRN LT EREBHBEEN 505, F Oy EMHEERE (Diff(F) TRY) ofo#tx S, (F) T
FTZLICT L, E5IC, So(F) 2 {f | f €S, (F)} TEE 2 Diff(F) o8BS EEL T 5.,
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1.2, BR. HCROGERZRO A LAY b ST AREME ORI BARICONT, T OfE) OGS
E%E@K—ﬁ?ét%\E%%@ab@ﬁf%étww FRDSAE 1 IRTCER D SRR % R T 5 &
&, Al (reducible) THDH Lv 9, 2 2T, KEMW 1 IRITEDZERIK (essential 1-submanifold) & 13, Fu»
Kib%ﬁ“i%%&ﬁ@%f\%Q#%ﬁ$ﬁf%lﬁ;$%bhyﬁf%ﬁ(\g@zxgﬁpmﬁ%
Ny 7 TRV bDODZ L THL,

ZACOLMmOT A 7 —FEHPEO L S, ARGEEVEPNLLDICO IR bolcb AV hEy 7
TRNAHDREA DM, ZNT /Y T (pseudo-Anosov) 22 b DICA Y NE v 7 THLZ o h
Twd (77 Y 7ARBEROEMHLESRSE. FFL & [11]. [6, Exposé 11, see also p.286]. [2] %
HR), 0o T, ATEORBMESI FRO3SHEo b oo NMCA Y Ny 2 &b, Zhoofle, ——
ey =X UBIESZ LICT 5,

L Krald, #4E3a—9—Zf#HEHOT, S(F) 0xofE5Ark (10, AEOFET, S
FEE—ILARIL, 0D; (i =1,...,n) ZBD S0 K572 S, (F) 0ot 5472 8] (n =2 O¥E). [9]
(n >2 DHH),

1.3. #&8R. ABOHMNE. Su(F) 02 ToOIO=— )Ly - =2 N VHIOSH%E, (AR 2T T
5252 Thb, ERREDBRDLHIC, WL ONPAELRUERT S,

Definition 1 (f ICHBET 28044). f % S.(F) e L, @ % f »OIEEEHRETCHOALV hE—&T
% Oi@\¢%FxIHFxI®EWE@T ®(x,0) = (f(x),0) 2> ®(x,1) = (z,1) Zik/=T b
@&Té Zoex th TS FxTa(t) = ®;,t) TEHRTS (EL. o = flz;). 208X,
th. . thicky, FxIL@ﬁ&ﬁNAWH(y”tﬂ);FxDﬁﬁiéoghéfkﬁ%?éﬁ&
,‘ﬁ}(brald associated to f) &5 Z&IZT L. FoN/ (f(z),0) = (24,0) & (x),1) ZHESHEFLIMNE,
FE O (i-th string) &9 2 £10T 5, &%t 1 t(0) = (24,0) 26 (1) = (25, 1) ICB RIS %
S THL, !

F x I 0BT, & i FHDOBED (2,0) & (z5,1) L 2HESEFALINTH L b DDES% Br,(F) &3
TZLICT 5, Br,(F) o207t b. 0 ICx L. F x I o0& mb., [BS5M/&ICA Y ey 7T,
Fx {0, 1} 1SHIRT 2 L 1ES 542 M REE G 1EEL T, GO) =t > T0b e &, b b I3
B (equivalent) TH 2L &1 9,

Su(F) O&FR G FIC LT, WIS 5 f e S,(F) 1, Definition 1 @ & 5 1C# 2 b/ € Br, (F) %
DD, WIS, FHHAHED € Bry (F) 18 L, b =b &7 f €S, (F) WHEEL T, M ZofliR £ 13
Su(F) oyt s, EBEE RO KD 1H LRSI SN TS,

Proposition 1.1. f & b/ Z/MIGSEL LI BB T - S, (F) — Br,(F) 1%, HRAREBEEG T -
Sn(F)/isotopy — Br,(F)/equivalence %52 %, 2. #1240 of oFMEHIL. F 26 ESEGHE O A
Y hE—® O FIRSTERIND.,

S 61T, MBI L CLATFOHEEZ %I 5.

Definition 2. b = (t1,...,t,; F x1I) % Br,(F) Ol 325, 720 b o&%t; 15 Fx{0}nt; 5
Fx{1}Nt; ICAFT, MEDT6NTnLEd 5,
(1) AAAHH ({z1} x I,... . {z,} x I; F xI) LAETHL & &, BE(trivial) TH D &1,
(2) FxIo FNOBRRHEEep: FXI - FTHobT I LICT 5D, b DIWDHE {tiy, ..., ti, } DN
S p((ti, U---Uts, ) N(F x {0}) = p((t;, U---Ut;, )N (F x {1})) 27z L. 7D L OB

IDFCE, mBEEALT SR tofr LELERALEETERT. fIAd ¢f Tt ot () bRy z ity 5.
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ZOFM R S v e & KEFR (cyclic family) TH 5 & 0D 2 2109 5, ZKEE {ti, ...t
WLy ptiy)s e p(tiy) % by, by, OAEDOFFESNIASFEDOINE L. (GEY22ERF
T)MESTLNLINE LTOMEL L2 8ICk->T, F LoMifRIERSINL, IhE ¢ &R
T XY b,

(3) by... by % FICHTHET DHIAHE b OKEEE L. c1,...,cm 23T 5 F LO#RE T 5, 2
DeE, C={c1,...,cm} &, bIHIBET BEAREARIR (a system of closed curves associated to b) &
WO XY D,

(4) FZ b ISR L. RS ZEAMERE C = {c1,...,cm} Y F L CHRIEM (filling) TH2D (D .
ciU-Ucy, MF LOEBOIFARLEARE Zb5) & &, b IFFEM(flling) THL LD, &
512, b LAMEZ L TOMAMNFTIENTH 5 & &, b ITRKREFIEM (stably filling) &5 2 &I
T5.

(5) b DEDER {tiy, .- ti,} (k> 2) I L, FEZROEOIAZ Y : DI TU---UD}, xI — Fx1
T, TOED ., BER MO ERD ST p(n(D? x {0}U---UDZ2, x {0})) = p(n(D3? x
{1YU---UDZ x {1})) 22T L ONELET 5 & &, FThk(parallel family) TH5H &) Z 1

(6) b DEDEE {tiy, ..t} (E>1D) IS L. FxIDOER (OF) x I O Ouf5 N T tiy, ..., L,
s, Mo EZb 5T, p(NN(F x{0}) =p(NN(F x{1})) 2T bONEET D & &,

(7) b DT, F3EALETH LR EE %, P-Tr(P-family) &FE5Z L1275,

n(DZ x| Y- -UDZ 1)

i I Rty o

)
N
parallel family peripheral family
\) /

B
Bt

F X {0}

FIGURE 1. parallel family and peripheral family

PAET, R R 2 U8 T & /2,
Theorem 1.2. f % S, (F) Dt CH 5 F ORGSR E L, b 2T 2L T 5,
(i) f2SEBIMBARICA Y N E w7 Th 0B HHEMEL. o BEATHLZ L Th D,
(i) f2AHIBEICA Y Ny 7 ThHBE DR W 9 PHEE ST, £213 REFIENT
W THD,
(iii) f2MEY 2V 7BBISA Y Ny 2 THERLETNFME. o DREFIENTH Y. o, Pk
EEBRNWI L THD,
Remark. B, H L bf HSEIAZ 51E, Proposition 1.1 L 0. fIHESBMHICA Y N Y 7 THD, t-T,
() MWE->THD 2 i, f NGRS Y NE 7 Th b 0BEHHRMET. ZhAMESSHIC A |
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By 7 ThbIeenb, fio LEFEMZMAMIIEAR TR IR SRV T, (1) & () 26, B
#4972 (Le., AHOICR D ARV)S(F) OFtld, FRINERICA Y by 2R OBV bR 5S, Zhik
D, B S(F) OERORBIEET, #7 /Y 7ERICA Y NE v 7 L0, fR. (i) & (i) ZRETH
bHZ il b,

L4, R 20 OBHRIEC = {c1,- -+ em} €' ={c), - . c},} VA (equivalent) T 2 L1, % c; HY (F
e L) ISRERE Y 7 THH L1 ) 28 Th A,

Definition 3. C = {c1,...,cn} & F LOFAIRGRE T 5.

(1) CITX L. C ERMERAEED C WFHENTH 5 & &, REFMEM (stably filling) THDH VD Z &
292,

(2) REFIARYLRPARNRG C DR DG 2Hi/c T & &, ME (x) /2L 1) 22T 5,
(i) FEBD ¢; (2RI (primitive) (i.e., CALRPARB c Z & > TETH, TP EREREY Y

W60 (p>2)),

(i) ¢ & ¢; & (FAfhfRE LT) RERNE v 7 TR (i # 5).
(iii) ¢ IZER OF ISRE h— T TR,

FICHIBET 2 A4 oF W AT 2 ARG % f IS8T 2 BABRARIR (a system of closed curves associated
to f) LRERZ L, ¢f ={c,... ¢l } THET.
FEREAICABE S S HIMMREEZ 05 &0 IRORDELND,

Corollary 1.3. f % S,(F) o7t CHLAMEM L L. ¢f ={c],... cf,} Z 5T 2BiGe 75, b
L. CF 3R (x) 2R o o3, fI3ET YV 7BBICA Y b E Y 21005,

Remark. (a) &L fMxq,... 2, ZERIEICHETL T 5261 MHE (x) OFM (i) 1FAZEICR 5 (Claim
5.1 O EZMR), £ <1C, n=1DEA, b 1T 1 KOMAMICR Y PATHEE SRRV 6, HE
(x) DEFT, e} WEEFREMNT, O, o BFER OFISRE -7 TSy LfHilgtshd. (b)
Corollary 1.3 Oiild, n>2 O—fFDHFE. HIZL ey, L2L, n=1DFEEI0d (o) OfEfR{LI N
ME () ZHONE, #OEZIEL <25 ([10] Z2SR),
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2. EXAMPLE

In this section, we give some applications of Corollary 1.3.

Example 1. Let f be an automorphism in S3(F') such that f(z1) = x2, f(z2) = 1, f(x3) = x3 and
¢/ is given by Figure 2. Then f is isotopic to a pseudo-Anosov automorphism in Ss (F ). Note that the
automorphism f with the the given system of closed curves Cf below is not unique, but for each f, f is
isotopic to a pseudo-Anosov automorphism in Sz(F').

In fact, by Corollary 1.3, it is sufficient to show that C/ = {c;,ca} has property (), where ¢; =
p(t{) * p(tg) and ¢o = p(tg). It is straightforward to check that C/ satisfies (i), (ii) and (iii). To show
that it is stably filling, we first find a hyperbolic structure on F' such that the curve c; is realized as a
closed geodesic. In fact this can be done by decomposing F' into a pair of pants. Then it is known that

a closed geodesic on a closed hyperbolic surface which cuts the surface into open disks is stably filling.
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FIGURE 2

Since F'— ¢y consists of open disks, {c1} is stably filling, and is also {¢1, ca}. This fact can be also checked
by [7], in which Hass and Scott gave a combinatorial criteria showing the given system of closed curves

are stably filling.

Example 2. Let f be an automorphism in S3(F) such that f(x1) = x3, f(22) = 21, f(x3) = x2 and C/
is given by Figure 3. Then the same argument as above shows that Cf = {¢1} (¢1 = p(t]) * p(t]) » p(t]))

has property (*) and f is isotopic to a pseudo-Anosov automorphism in 83(13‘ ).

FIGURE 3

3. ISOTOPIES OF ESSENTIAL CIRCLES ON A SURFACE

In this section we will prove the following result which implies that an isotopy sending a family of
circles on a surface F' to themselves is essentialy unique if F' has negative Euler characteristic.

Let F be a compact, orientable surface of negative Euler characteristic and a1, . . ., ax mutually isotopic,
pairwise disjoint essential circles on F. Let Aj,..., Ax be a pairwise disjoint, monotone (meaning no
local maxima and minima) annuli in F' x I such that p(0(4; U---U Ag)) = a3 U---Uag. Then a map
o:{1l,...,k} — {1,...,k} is determined so that A; connects a;o = a; x {0} and a,(;),1 = ax@) X {1}

AjU---U A corresponds to an isotopy sending a1 U - -- U ag to itself. Then we have:

Lemma 3.1. (1) o(i) =i fori=1,...,k, i.e.,, 0A; = a; x {0,1}. (2) A; can be isotoped to a vertical

annulus a; X I by a level preserving isotopy which is the identity on F x {0,1}.

Proof. First we suppose that F is a closed surface of genus g. Choose a family of 2g essential simple
closed curves €1, -+ ,e24 on F' as in Figure 4; Ui":lsk cuts F into a single disk and a; is homologous to
none of €1, -+ ,e24. Without loss of generality, we may assume that the curve a; is precisely as in Figure

4 (1) or (2) depending on whether a; is non-separating or separating: a; Nes = {z;}, a; Ne; = {2z, 2/}
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In fact, for a given essential simple loop a; on F, there is a diffeomorphism h : F' — F sending a; to the

curve as in Figure 4 (1) or (2). Then we have the required situation by applying hx id. : Fx I — F x I.

(1) a; is non—separating (2) a; is separating

FIGURE 4

In the following we may relabel the indices and orient a; so that aq,...,a; are homotopic as oriented
curves, and if a; is separating, then a; intersects ¢; at z; and 2z} with opposite directions and (aq U--- U
ap) N €j appears zj, ..., 22, 21, 21, 25, . . ., 2}, in circular ordering on ¢;.

Let E) be the vertical annulus p‘l(sk) for 1 < k < 2g.

Since a; is essential, A; is incompressible. Thus we may assume, by a level preserving isotopy fixing
F % {0,1}, that each A; intersects E4 (resp. E;) transversely and that each component of A; N Ey4 (resp.
A; N E;) does not bound a disk in E4 (resp. Ej). Note that each level preserving isotopy keeps A;
monotone.

We first consider the case where a; is non-separating.

Claim 3.2. A; N E4 consists of an arc (; isotopic to a vertical segment by a level preserving isotopy

leaving its boundary invariant.

Proof. Since a; Ney = {z;}, there is no boundary-parallel arc in E4. Hence (A1 U---U Ag) N Ey consists

of an essential monotone arc, say as in Figure 5.

FIGURE 5

Take a subfamily A1, Ay(1), ..., Agi-1(1) of the annuli such that j € {1,...,k} satisfies o/(1) =1 and
no proper subfamily satisfies this property. Let 7" be a torus obtained from Ay U Agy U---U Agi-1(1)
by identifying their boundaries via the identification (x,0) = (x,1). Then there is a map p’ such that the
following diagram commutes:

Connecting the arcs (1,(y(1),---,Cpi-1¢1) in a suitable order, we obtain an essential loop o on 77,
which satisfies p/,([a]) = [e4]™ € w1 (F, z1) for some integer m. Assume for a contradiction that m > 0.
Then p/,([@]) is nontrivial. The essential loop a1, also gives an essential loop 3 on T”. Note that since

[[B] = [Blla] € m(T"), p.(la])pi((8]) = PL([B)pL([ed) in w1 (F, z1). Furthermore, since |4 Na| = 1,



A1 U Ag(l) U---u Aaj71(1) T

p

F

p.([a]) and pl([8]) generate a rank two free abelian subgroup in 71(F, 2z1). This contradicts that the
genus of F' is greater than one.
It follows that m = 0, hence p(9¢;) = z; and we can isotope A; (fixing F' x {0,1}) so that A; N Ey

consists of a single vertical segment. O(Claim 3.2)

This claim implies the first assertion of Lemma 3.1 in the case where a; is non-separating.

Now let us show that A; can be isotoped to the vertical annulus as required. Since FsN Ey, ExNEs5 (if
g > 2) and A; N Ey consist of a vertical segment respectively, we can isotope without changing A; N Ey4 so
that A;NE3 =0 and A; N Es = 0 (if g > 2); here we use also a fact that a;Nez =0, a;Nes =0 (if g > 2)
and an incompressibility of A;. For other F (s # 3,4,5), since a; Nes; = @ and A; is incompressible, we
can isotope further by a level preserving isotopy fixing F' x {0,1} so that A; N E, is empty or consists
of essential circles in Ey; each circle is also essential in A; because E; is incompressible. In the latter
case a; is homotopic to e, a contradiction. Since A; intersects only E4 or E; in vertical segments and
EyU---UEs, cuts F x I into a [disk]x I, we can isotope A; to the vertical annulus by a level preserving
isotopy as desired.

Next we consider the case where a; is separating.

In this case, A; N E; consists of two properly embedded arcs ¢; and (/ in E;.
Claim 3.3. 9¢; = {(2;,0), (z;,1)}, and hence 9¢, = {(z},0), (2;,1)}.

Proof. If (; is boundary-parallel arc, then since A; is boundary-incompressible and F' x {0} is incom-
pressible, there should be a bigon D C F with 0D = d; U dy such that di C a; and da C ;. This is
impossible, see Figure 4 (2). Thus 9¢; = {(2,0), (z:,1)} or 8¢; = {(2:,0),(2},1)}, for otherwise, as in
Figure 6 (1), there would be a boundary-parallel arc in (4, U---U Ag) N E;. In fact, since no ¢;’s are
boundary parallel, these arcs define a bijection 7 on {zg, ..., 21,21, ..., 2,} so that ¢; connets the points
(2i,0) and (7(2;),1). Then since (] is also a component of A; N E;, ¢/ connets the points (z;,0) and
(1(20),1) = (7(2:)",1). I 7(2;) = 2z; (vesp. 7(2;) = 2}), then 7(2;)" denotes 2z} (resp. z;).

Let us show that 7(z;) = 2z;. Suppose to the contrary that 7(z;) # z for some i. If 7(z;) = z; for
some j # i, say as in Figure 6 (1) in which ¢ = 1 and j = 2, then there would be a boundary-parallel arc
in (A1 U---UAg) N Ej, a contradiction. If 7(2;) = 2] for some j, say asin Figure 6 (2) in which i = 2
and j = 2, then sliding the oriented closed curve a; o along the annulus A; to obtain an oriented closed
curve a; 1. Then since a; ¢ is orientedly homotopic to a; 0, p(a;1) and p(a;e) have opposite orientations.
This implies that a; and d; (the closed curve obtained from a; by inverting its orientation) and freely
homotpic in F', hence F' would be non-orientable, a contradiction.

O(Claim 3.3)

Thus we have a situation, say as in Figure 7.

This observation implies the first assertion of Lemma 3.1 in the case where a; is separating.
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(z,, 1) (21.,1) (z1, 1) (Zé.,1)

) N

(zp, 1) (z,1) (27, 1) (z3,1)

(22-, 0) (zy,0) (z7,0) (z3,0)

(1) (2)

FIGURE 6

FIGURE 7

Let us show that A; is also isotoped to the vertical annulus as required in this case. By using the
same argument in the proof of Claim 3.2 for a torus T’ obtained from single A;, ¢; and ¢/ are shown to
be isotopic to vertical segments by a level preserving isotopy leaving their boundaries invariant. Then,
as in the above, we can isotope A; (fixing £ x {0,1}) so that AN Es =0 (s # j), thus we can isotope A;
to the vertical annulus by a level preserving isotopy as desired.

Finally suppose that F has genus g and d boundary components. We can find a system of properly
embedded arcs {e1,...,€24,01,...,04—1} so that they cut F' into a single disk. Then the result follows by
applying the same argument as above. (The proof is easier, because p~!(g;) and p~!(dx) is a rectangle,

not an annulus.) O(Lemma 3.1)

4. PROOF OF THEOREM 1.2

Let f be an element in S,,(F) and b/ an associated braid.

4.1. Proof of (i). This is certainly well-known, but for completeness, we give a proof. If b/ is trivial,
then f is isotopic to the identity map, which has period 1. Conversely if f is isotopic to a periodic
automorphism, then by Proposition 1.1, b/ has a finite order in the braid group. If b/ is nontrivial, then
[5, Theorem 8] shows that F would be S? or the projective plane RP?, contradicting our assumption.
Thus b/ is trivial.

4.2. Proof of the “only if” part of (ii). Assume that fis isotopic to a reducible automorphism. Then
there is an essential 1-submanifold C' = a; U --- Ua,, C F such that f(C) is isotopic to C on F. In the

following, we assume that f(ay,) is isotopic to a;, i.e., ax, is isotopic to f~'(a;) (i =1,...,m) on F.
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The isotopy from f~1(a;) to a, (1 <i < m) on F is realized as a family of monotone annuli A, ,... 4,,
in Fx1C FxIsothat dA; = (f (a1) x {0})U(ag, x {1}), ..., B4, = (f " Ham) x {0})U(ar,, x {1}).
Note that A; N ({x;} x I) =0 fori =1,...,m, j = 1,...,n. Since f is isotopic to the identity on F,
we have a level preserving diffeomorphism of F' x I sending (z,0) to (f(x),0) and (z,1) to (x,1), which
deforms also the vertical segment {z;} x I to a monotone arc ¢/ with 9t/ = {(2;,0), (x;,1)}, where
x; = f(z;). Then t{, ...,tf define a braid b/ in F x I (see, Definition 1). Simultaneously, the annuli
Ay, ..., A, are also deformed to a family of monotone annuli A, . .., A,, in F x I, each of which is disjoint
from the braid b and satisfies that dA; = (a; x {0}) U (a, x {1}). Let us choose annuli Ay, ..., A, (after
changing their indices if necessary) so that p(9(A1U---UA;)N(F x{0})) = p(0(A1U---UAL)N(Fx{1}))
and no proper subset satisfy this property.

If a; bounds a disk D; on F', then since C is an essential 1-submanifold on F , D; contains at least two
points of {z1,...,z,}. Then for each i, 0A4;N(F x {0}) bounds a disk D; o C F x {0} and 0A4;N(F x{1})
bounds a disk D;1 C F x {1}. By the irreducibility of F' x I, the 2-sphere A; U D; o U D, 1 bounds a
3-ball B;. It turns out that each B; contains m strings in bf for some integer m > 2 independent of i.
The collection of strings in b/ each of which is contained in By U --- U By would be a parallel family,
contradicting the assumption.

Hence a; is also essential on F' and A; is incompressible in F' x I. Then Lemma 3.1 (1) implies that
k =1 and Lemma 3.1 (2) shows that A; can be isotoped to the vertical annulus a1 X I by a level preserving
isotopy fixing F x {0,1}. Under this level preserving isotopy, the braid b/ = (t{ s ths Fx I) is also
isotoped to another braid b = (¢|,...,¢; F x I) (without moving their endpoints), which is equivalent
to bf; they define equivalent systems of closed curves. Since the annulus A; is disjoint from b7, a; x I
does not intersect b’ neither, and hence a3 N (U2, p(t})) = p(a; x I) Np(b') = p((a; x 1) Nb") = p(B) = 0.
Since b/ is stably filling, by definition, U, p(t}) must intersect every essential embedded loop. It follows
that a; would be parallel to a component of 0F with the parallelism containing some specified points
x;. This implies that a1 x I, and hence Ay, is the frontier of a collar neighborhood N (% St x T x I) of
a component of (OF) x I. Since N(= S x I x I) contains some strings tz-f, there would be a peripheral

family each member of which is in N. This contradicts b/ having no P-families.

4.3. Proof of the “ if” part of (ii). Suppose that the braid b/ has a P-family or is not stably filling.
Then by definition, (1) b/ has a parallel family {t-f e ,tifk} or (2) bf has a peripheral family {tf oot! 1,

310 i1 y Uiy
or (3) b/ is equivalent to a braid b' = (t},...,t,; F x I) such that p(t;) U---Up(t,) does not inters;ct
an essential embedded loop a.

In each case, C' = p(n(d(D? x {0} U---U D2, x {0}))), the frontier of p(N N (F x {0})) in F, or the
embedded loop a is an essential 1-submanifold which is isotopic to the image of f on F. This means that

f is isotopic to a reducible automorphism.

5. PROOF OF COROLLARY 1.3

Corollary 1.3 follows immediately from Theorem 1.2 (iii) and the claim below.

Claim 5.1. If the system of closed curves Cf = {cI,... ¢t} has property (x), then the braid b =
(t{, . thy F x I) is stably filling and has no P-families.

»Ym

Proof. Suppose that we have a parallel family {¢;,,...,¢;,} (K > 2), which consists of some cyclic

subfamilies. The cyclic families give a subsystem of closed curves in Cf. Since k > 2, the subsystem
9



contains a closed curve homotopic to a nontrivial power of a closed curve or a pair of mutually homotopic

closed curves. (If f fixes x1, ..., x, pointwisely, i.e., b/ is a pure braid, then we have the latter possibility.)
This contradicts the assumption. If we have a peripheral family {¢;,, ..., }, then clearly czf is homotoped
into a component of F, contradicting the assumption. Let b’ = (¢],...,t,; F x I) be a braid equivalent

to bf. Then the system of closed curves C’ corresponding to b’ is equivalent to C/. Since Cf is stably
filling, by definition, C’ is filling. O(Claim 5.1)
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